Abstract. We prove a selection theorem for paraconvex-valued mappings defined on τ -PF normal spaces. The method developed to prove this result is used to provide a general approach to such selection theorems.
Introduction
Let X and Y be topological spaces, and let 2 Y be the family of all non-empty subsets of Y . Also, let Let Y be a normed space. Throughout this paper, we will use d to denote the metric on Y generated by the norm of Y . Following [9] , a subset P of Y is called α-paraconvex, where 0 ≤ α ≤ 1, if whenever r > 0 and d(p, P ) < r for some p ∈ Y , then d(q, P ) ≤ αr for all q ∈ conv(B r (p) ∩ P ).
Here, B r (x) = {y ∈ Y : d(x, y) < r}, and conv(A) is the convex hull of A. The set P is called paraconvex if it is α-paraconvex for some α < 1. A closed set is 0-paraconvex if and only if it is convex.
In the sequel, τ will denote an infinite cardinal number, and w(Y ) -the topological weight of the space Y . Also, we will use C ′ (Y ) = C (Y ) ∪ {Y }.
In [8] , E. Michael proved that if X is paracompact and Y is a Banach space, then every l.s.c. convex-valued mapping ϕ : X → F (Y ) has a continuous selection (see [8, Theorem 3.2 ′′ ]). In [9] , E. Michael generalized this result by replacing "convexity" with "α-paraconvexity" for a fixed α < 1 (see [9, Theorem 2.1]); this generalization remains valid for τ -paracompact normal spaces, see [6, Theorem 3.2] . P.V. Semenov generalized Michael's paraconvex-valued selection theorem by replacing the constant α with a continuous function f : (0, ∞) → [0, 1) satisfying a certain property called (P S) (functional paraconvexity, see [22] ); and D. Repovš and P.V. Semenov considered in [14] a function α P : (0, ∞) → [0, 2) (called the function of nonconvexity) associated to each nonempty subset P ⊂ Y , see [14, 22] for the definition of these concepts. Also, they obtained several applications of selections for paraconvex-valued mappings, see [15, 16, 17, 18, 19, 23] and the monograph [20] . The author has recently proved a τ -collectionwise normal version of these results, i.e. when X is τ -collectionwise normal, Y is a Banach space with w(Y ) ≤ τ , and ϕ is α-paraconvex-and C ′ (Y )-valued [6, Theorem 2.1]. Let us explicitly remark that the proofs of these theorems utilize the fact that τ -paracompactness and τ -collectionwise normality are hereditary with respect to closed subsets.
We are now ready to state also the main purpose of this paper. Namely, we prove a paraconvex-valued selection theorem for C (Y )-valued mappings defined on τ -PF-normal spaces (Corollary 3.3), see Section 3 for the definitions of these spaces. The challenge in this particular case is that τ -PF-normality is not hereditary with respect to closed subsets, hence the method used for the τ -collectionwise normal spaces in [6] cannot be applied straightforward; the rest of the arguments are similar. In fact, using the property of mappings discussed in the next section, we prove a slightly more general result (Theorem 3.1) and derive from a common point of view all previous known results of paraconvex-valued selection theorems for l.s.c. mappings (see Examples 2.2 and 2.3).
The Dense Multi-selection Property
For ε > 0, a single-valued mapping g :
, for every x ∈ X. We shall say that a mapping ϕ : X → 2 Y has the Dense Multi-selection Property, or DMP for short, where (Y, d) is a metric space, if the following hold:
(ii) For every ε > 0, a cozero-set U ⊂ X, and a continuous ε-selection g :
We may consider open balls B ε (y) when ε = ∞. Thus, B ∞ (y) = Y , and the DMP of ϕ : X → 2 Y can be simply expressed by saying that for every 0 < ε ≤ ∞, a cozero-set U ⊂ X, and a continuous ε-selection g : Proof. Take a cozero-set U ⊂ X; i.e. an open F σ -subset of X, and a continuous ε-
and it is also τ -paracompact (see [10, Proposition 3] 
i.e. ϕ has the DMP.
Note that in the special case of τ = ω, Example 2.2 implies that if X is countably paracompact and normal, (Y, d) is a separable complete metric space, and ϕ : X → F (Y ) is l.s.c., then ϕ has the DMP.
A T 1 -space X is said to be τ -collectionwise normal if for every discrete collection D of closed subsets of X, with |D| ≤ τ , there exists a discrete collection Proof. Let U ⊂ X be a cozero-set. Then, U is τ -collectionwise normal as an
Then, Ω is proximal continuous in the sense of [3] . Define another l.s.c.
Note that Φ is a multi-selection for Ω, and Φ(x) = Ω(x) implies that Φ(x) is compact. 
Thus, ϕ has the DMP.
A selection theorem for paraconvex-valued mappings with τ -PF-normal domain
Let X be a topological space. The star of a set A ⊂ X with respect to a cover U of X is the set St(A, U ) = {U ∈ U : A ∩ U = ∅}. A cover U of X is said to be a star-refinement of another cover V of X if for each U ∈ U , there is some [13] ; and PF-normal spaces coincide with point-finitely paracompact spaces in the sense of Kandô [5] . Every collectionwise normal space is PF-normal (see [7, Theorem 2] ) and every PF-normal space is obviously normal. However, none of these implications is invertible (see [7, Examples 1 and 2] ). In contrast to collectionwise normality and paracompactness, PF-normality is not hereditary with respect to closed subsets (see [4, p. 506 , §4]). However, it was proved in [25] that PF-normality is hereditary with respect to open F σ -subsets (see [25, Proposition 4.5] ). The PF-normal spaces were investigated in [4, 5, 7, 24] .
Let F α (Y ) (resp. C α (Y )) be the set of all α-paraconvex members of F (Y ) (resp. C (Y )). We are going to prove the following theorem. (a) Whenever X is a τ -PF-normal space, every mapping ϕ :
having the DMP has a continuous selection. (b) There exists δ = δ(α) > 0 depending only on α such that if X is a τ -PF-normal space, ϕ : X → F α (Y ) has the DMP, and g : X → Y is a continuous r-selection for ϕ for some r > 0, then ϕ has a continuous selection f : X → Y with d(g(x), f (x)) < δr, for all x ∈ X.
To prepare for the proof of Theorem 3.1, we need the following construction.
Claim 1. Let X be a space, (Y, d) be a metric space, ϕ : X → 2 Y have the DMP, A ⊂ X be closed and U ⊂ X be a neighbourhood of A. If g : U → Y is a continuous selection for ϕ ↾ U, then the mapping ϕ g : X → 2 Y defined by
also has the DMP.
Proof. Let V ⊂ X be a cozero-set and f : V → Y be a continuous ε-selection for ϕ g ↾ V . Then, f is also a continuous ε-selection for ϕ ↾ V . Since ϕ has the DMP, there exists an l.s.c. ψ :
Define a mapping ψ g : V → C (Y ) by
Then, ψ g is l.s.c. and ψ g (x) ⊂ ϕ g (x) ∩ B ε (f (x)), x ∈ V . Hence, ϕ g has the DMP.
We also need the following proposition which is a τ -PF-normal version of [6, Proposition 2.2] in terms of DMP mappings. Recall that a set-valued mapping 
Proof. Since {V n : n ∈ N} is an increasing open cover of Y and Y is normal and countably paracompact (being metrizable), there exists an increasing closed cover {F n : n ∈ N} of Y such that F n ⊂ V n , for every n ∈ N. We then have
Since the mapping ϕ has the DMP, by (i) of the definition of DMP, ϕ admits an l.s.c. multi-selection ψ : X → C (Y ). Since X is τ -PF normal, ψ has a u.s.c. multi-selection φ : X → C (Y ) (see [13, Theorem 4.3] ). We then have
The family {A n : n ∈ N}, with A n = φ −1 (F n ), is an increasing closed cover of X such that A n ⊂ ϕ −1 (V n ), for every n ∈ N.
We are now ready to prove Theorem 3.1.
Proof of Theorem 3.1. We are going to first prove (b), and then (a).
(b) Since α < 1, there exists γ ∈ R such that α < γ < 1. Then,
. This δ works. Indeed, let r > 0 and g : X → Y be a continuous r-selection for ϕ. We shall define by induction a sequence of continuous maps f n : X → Y , n < ω, with f 0 = g, satisfying the conditions for all n ∈ N and x ∈ X:
This will be sufficient because by (3.2), {f n : n < ω} is a Cauchy sequence, so it must converge to some continuous map f : X → Y . By (3.1), f (x) ∈ ϕ(x), for every x ∈ X and, by (3.2), d(g(x), f (x)) < δr, x ∈ X.
Let f 0 = g, which satisfies (3.1). Suppose that f n : X → Y has been constructed for some n ≥ 0, and let us construct f n+1 . By the inductive assumption, f n is a continuous γ n r-selection for ϕ. Define a mapping Φ n+1 : X → F (Y ) by
Since ϕ has the DMP, the mapping Φ n+1 has an l.s.c. multi-selection ψ n+1 : X → C (Y ). Since X is τ -PF normal, by [13 
By α-paraconvexity of ϕ(x), we get that
which is (3.1). Clearly, we also have
which is (3.2).
(a) Take λ ≥ 2 such that ϕ(x) ∩ B λ (0) = ∅ for some x ∈ X, where 0 is the origin of Y , and let β = max{δ, λ}, where δ is as in (b) applied to α. Let
Then, the family {V n : n ∈ N} is an increasing open cover of Y . By Proposition 3.2, there is an increasing closed cover {A n : n ∈ N} of X such that A n ⊂ ϕ −1 (V n ), for every n ∈ N. Since X is normal, there is an increasing family {G n : n ∈ N} of open sets such that
We are going to construct by induction partial selections g n : U n → V n for ϕ n = ϕ ↾ U n such that g n+1 ↾ G n = g n ↾ G n , n ∈ N. To this end, let g(x) = 0 for all x, and take r to be β. Since ϕ 1 = ϕ ↾ U 1 has the DMP (see Remark 2.1), it follows from (b) that it has a continuous selection g 1 :
By Claim 1, ψ n+1 has the DMP, and it follows from (b), with g(x) = 0 for all x, and substituting r with β n+1 , that ψ n+1 has a continuous selection g n+1 : U n+1 → V n+1 . In particular, g n+1 is a continuous selection for ϕ n+1 and g n+1 ↾ G n = g n ↾ G n . This completes the construction of the partial selections g n , n ∈ N. Finally, define f n = g n ↾ G n , n ∈ N. Then, f n is a continuous selection for ϕ ↾ G n such that f n+1 ↾ G n = f n , n ∈ N. This allows us to define a map f : X → Y by f ↾ G n = f n , and this f is a continuous selection for ϕ. The proof is completed. (a) Whenever X is a τ -PF-normal space, every l.s.c. ϕ :
s.c., and g : X → Y is a continuous r-selection for ϕ for some r > 0, then ϕ has a continuous selection f :
Proof. It is enough to show that ϕ has the DMP, and the result will follow from Theorem 3. show, the DMP plays the role of a unified approach to "paraconvex-valued" selection theorems. The Selection Factorization Property due to S. Nedev [13] plays a similar role for "convex-valued" selection theorems. Thus, as the referee remarked to the author, it is natural to ask whether every mapping having the SFP has also the DMP; or more interestingly, if Theorem 3.1 will remain true if one replaces DMP with SFP. Regarding this, it is to be noted that Proposition 3.2 remains true if DMP is replaced by SFP. Also, the statement in Remark 2.1 is true if DMP is replaced by SFP; i.e. if X is a normal space, U ⊂ X is an open F σ -set, and ϕ : X → F (Y ) has the SFP, then ϕ ↾ U also has the SFP. However, it is not evident that a mapping having the SFP satisfies the condition (b) of the definition of DMP, i.e., the following question is open: if X is normal, ϕ : X → F (Y ) has the SFP, ε > 0, U ⊂ X is a cozero-set, g : U → Y is a continuous ε-selection for ϕ ↾ U. Does the mapping Φ : U → F (Y ) defined by Φ(x) = ϕ(x) ∩ B ε (g(x)), x ∈ U, admit an l.s.c. multi-selection ψ : U → C (Y )?
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